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PERIODIC ORBITS OF THE TWO FIXED CENTERS PROBLEM
WITH A VARIATIONAL GRAVITATIONAL FIELD
FABAO GAO1,2 AND JAUME LLIBRE2
Abstract. We prove the existence of periodic orbits of the two fixed centers prob-
lem bifurcating from the Kepler problem. We provide the analytical expressions of
these periodic orbits when the mass parameter of the system is sufficiently small.
1. Introduction
The non-integrability of the restricted three-body problem prevents to obtain the
analytical expressions of its general solutions. The periodic orbits of this problem
have extremely important applications in practical space missions. This fact has
attracted a large number of mathematicians and astronomers to carry out research
on the periodic behavior of the classical restricted three-body problem (see [16] and
the references therein). The extensive research covered three categories: qualitative
analysis (see [5], [6], [10], [16], and so on), analytical calculation (see [4], [17], [18]),
and numerical simulation (see [3], [9], [11], [15], [19], [20]).
Key words and phrases. three-body problem, periodic orbit, averaging theory, variational gravita-
tional field.
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For the planar circular restricted three-body problem, Zotos [22] investigated the
problem with two equivalent masses with strong gravitational field, which was con-
trolled by the power p of gravitational potential. He revealed the great influence of
the power p on the nature of orbits. For the planar rotating Kepler problem, Llibre
and Pas¸ca [13] proved that some of the symmetric periodic orbits can be continued to
the case of the restricted three-body problem colliding on a plane by using a contin-
uation method. The method was also applied by Llibre and Makhlouf [12] to provide
sufficient conditions for periodic orbits of a fourth-order differential system. For large
values of the eccentricity, Abouelmagd et al. [1] found that the anisotropic Kepler
problem with small anisotropy has two periodic orbits in every negative energy level
bifurcating from elliptic orbits of the Kepler problem by using averaging theory. In
addition, they also presented the approximate analytic expressions of the continued
periodic orbits. Recently, for each eccentricity and a sufficiently small parameter,
Llibre and Yuan [14] continued elliptic periodic orbits of the Kepler problem to a
hydrogen atom problem and an anisotropic Manev problem, respectively.
Some relevant works on the analytical calculation of the periodic orbits of the circu-
lar restricted three-body problem have been done by Farquhar and Kamel [4]. They
proposed an approximation method for computing periodic orbits, which motivated
a plenty of research for computing periodic orbits of that problem. Based on the
Lindstedt-Poincare´-like method and a successive approximation method, Richardson
3[17], [18] constructed the classical periodic halo-type orbits of the circular restricted
problem several years later. He gave a third-order analytical solution that was later
on used in the orbital design.
Mainly motivated by Zotos [22] and Llibre [12] we shall use the fact that when
the masses of two primaries differ greatly, i.e. the mass parameter of the two body
centers problem is very small, then the two fixed centers problem becomes close
to Kepler problem. In this paper we study which Keplerian periodic orbits can be
continued, using the averaging theory, to the fixed-center problem with a variational
gravitational field. Moreover we provide an analytical estimation of these periodic
orbits.
The two body problem when one of the primaries is very big and the other is
small, is very close to the restricted three-body problem with one of the primaries
very big and the other small; these two problems have many interesting applications
in astronomy, and in particular in the Solar system, see for instance [7, 8, 21].
2. Equations of Motion
The equations of motion of a particle in the two fixed centers problem with a
variational gravitational field can be written as
(1) q′k =
∂H
∂pk
, p′k = −
∂H
∂qk
, for k = 1 or 2,
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where
(2) H = p
2
1 + p
2
2
2
− 1− µ
r1
− µ
rp2
,
and r1 =
√
(q1 + µ)2 + q22, r2 =
√
(q1 − 1 + µ)2 + q22. Here the prime denotes deriv-
ative with respect to the time t, and µ (0 < µ ≪ 1) denotes the mass parameter of
the two masses, one of mass 1− µ fixed at (−µ, 0) and the other of mass µ fixed at
(1−µ, 0). The parameter p denotes the power of the gravitational potential. When p
is negative, the interaction is variational for different distances. Zotos in [22] studied
the restricted circular three-body problem when p > 1. Here we shall study the two
fixed centers problem with p = −2.
The main result of this paper is the following one.
Theorem 1. For the mass parameter µ > 0 sufficiently small and for every value
H0 ∈ (−1/2, 0), the periodic solution of the Kepler problem with elliptic eccentric-
ity e = −2H0 can be continued to the two fixed centers problem with variational
gravitational field p = −2.
3. Proof of theorem
Introducing the so-called McGehee coordinate system and denoting it with (r, θ, v, u),
where r and θ are the radius and the angle in polar coordinates, v and u are the
5scaled components of velocity in the radial and angular directions, respectively. More
precisely
(q1, q2) = r(cos θ, sin θ),
r−1/2v = (p1, p2) · (cos θ, sin θ),
r−1/2u = (p1, p2) · (− sin θ, cos θ).
Then the Hamiltonian of system (2) with p = −2 becomes
(3)
H = p
2
1 + p
2
2
2
− 1√
q21 + q
2
2
+µ
(
−1 + 2q1 − q21 − q22 +
q1 + q
2
1 + q
2
2
(q21 + q
2
2)
3/2
)
+O(µ2),
and we have
(4)
r′ = r−1/2v,
θ′ = r−3/2u,
v′ = r−3/2
(
u2 +
v2
2
− 1
)
+µ r−5/2 [r (1 + 2r3) + 2 (1− r3) cos θ] +O(µ2),
u′ = r−3/2
(
−1
2
uv
)
+ µ r−5/2 (1 + 2r3) sin θ +O(µ2).
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Note that r = 0 corresponds to the collision singularity of equations (4). Per-
forming the change dt/dτ = r5/2 in the independent variable, equations (4) can be
rewritten as
(5)
dr
dτ
= r2v,
dθ
dτ
= ru,
dv
dτ
= r
(
u2 +
v2
2
− 1
)
+ µ [r (1 + 2r3) + 2 (1− r3) cos θ] +O(µ2),
du
dτ
= r
(
−1
2
uv
)
+ µ (1 + 2r3) sin θ +O(µ2).
Consider that when µ = 0, the Hamiltonian system (3) is reduced to the Kepler
problem. We shall study which periodic orbits of the Kepler problem can be contin-
ued to the two fixed centers problem with variational gravitational field p = −2 at a
given energy level.
At a given energy level H = H0 we have
(6)
u2 + v2
2
− 1 + µ
[
1− r − r3 + (1 + 2r
3)
r
cos θ
]
= rH0.
7Isolating the radius r from equation (6) and performing a series expansion with
respect to the small mass parameter µ we get
(7) r = r(θ, v, u, H0) = R0 + µR1 +O
(
µ2
)
,
where
R0 =
1
2H0 (u
2 + v2 − 2) ,
R1 =
1
8H40
[
8H30 − 4H20 (u2 + v2 − 2)− (u2 + v2 − 2)3
]
+
1
2H30
4H30 + (u2 + v2 − 2)3
u2 + v2 − 2 .
Therefore substituting equation (7) into equations (5) and changing the independent
variable τ by the variable θ, equations (5) become
(8)
dv
dθ
=
2u2 + v2 − 2
2u
+ µ
[
1
u
+
(u2 + v2 − 2)3
4H30u
+
8H30 − (u2 + v2 − 2)3
2H20 (u2 + v2 − 2) u
cos θ
]
+O (µ2) ,
du
dθ
= −v
2
+ µ
4H30 + (u2 + v2 − 2)3
2H20 (u2 + v2 − 2) u
sin θ +O (µ2) .
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If µ = 0 equations (8) will be reduced to the following unperturbed system
(9)
dv
dθ
=
2u2 + v2 − 2
2u
,
du
dθ
= −v
2
,
which admits the general solution
v(θ; e, θ0) =
e sin(θ − θ0)√
1 + e cos(θ − θ0)
,
u(θ; e, θ0) =
√
1 + e cos(θ − θ0),
where θ0 ∈ [0, 2pi) and e are the argument of pericenter and the eccentricity of
the Kepler problem, respectively. The value e = 0 corresponds to circular periodic
solutions, and e ∈ (0, 1) indicates that the corresponding periodic solutions are
elliptical ones.
In order to apply the averaging theory summarized in the Appendix to equations
(8), we do the following transformations
x =
(
v
u
)
, x(θ; z, 0) =
(
v(θ; e, θ0)
u(θ; e, θ0)
)
, z =
(
e
θ0
)
,
F0 =
(
F01
F02
)
, F1 =
(
F11
F12
)
,
9where
F01 =
2u2 + v2 − 2
2u
,
F02 = −v
2
,
F11 =
1
u
+
(u2 + v2 − 2)3
4H30u
+
8H30 − (u2 + v2 − 2)3
2H20 (u2 + v2 − 2)u
cos θ,
F12 =
4H30 + (u2 + v2 − 2)3
2H20 (u2 + v2 − 2) u
sin θ.
Now we calculate the averaged function F(z), see equation (15) in the Appendix.
Let
(10) (G1(θ; e, θ0), G2(θ; e, θ0)) =M
−1
z (θ, z) F1(θ, x(θ; z, 0)),
where
M−1z (θ, z) =


y1(θ; e, θ0) y2(θ; e, θ0)
y3(θ; e, θ0) y4(θ; e, θ0)

 ,
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denotes the inverse of the fundamental matrix of equations (9) with
y1(θ; e, θ0) =
(1 + e cos(θ − θ0))1/2
2(1 + e cos θ0)3/2
[2 cos θ(1 + e cos θ0)
+ e sin θ sin θ0] ,
y2(θ; e, θ0) =− 1
8(1 + e cos(θ − θ0))1/2(1 + e cos θ0)3/2
· [2 (8 + e2 cos θ + 8e cos cos θ0) sin θ
+ 2(4 cos θ0 + 3e cos 2θ0) sin 2θ
+ 16e(2 + cos θ) sin2(θ/2) sin θ0
+ 6e2 sin2 θ sin 2θ0
]
,
y3(θ; e, θ0) =
(1 + e cos(θ − θ0))1/2
2(1 + e cos θ0)1/2
sin θ,
y4(θ; e, θ0) =
4 cos θ + e(cos(2θ − θ0) + 3 cos θ0)
4(1 + e cos(θ − θ0))1/2(1 + e cos θ0)1/2 .
11
Hence, we obtain
G1(θ; e, θ0)
=
1
8(1 + e cos θ0)3/2
[(
4 +
(−1 + e2)3
H30(1 + e cos(θ − θ0))3
+
16H0 cos θ(1 + e cos(θ − θ0))
−1 + e2
·
(
1− (−1 + e
2)3
8H30(1 + e cos(θ − θ0))3
))
· (2 cos θ(1 + e cos θ0) + e sin θ sin θ0)
+
2H0 sin θ
−1 + e2
(
1 +
(−1 + e2)3
4H30(1 + e cos(θ − θ0))3
)
· (−2 (8 + e2 cos θ + 8e cos θ0) sin θ
− e(4 cos θ0 + 3e cos 2θ0) sin 2θ
− 16e(2 + cos θ) sin
(
θ
2
)2
sin θ0 − 6e2 sin2 θ sin 2θ0
)]
,
G2(θ; e, θ0)
=
sin θ
8(1 + e cos θ0)1/2
[(
4 +
(−1 + e2)3
H30(1 + e cos(θ − θ0))3
+
16H0 cos θ(1 + e cos(θ − θ0))
−1 + e2
·
(
1− (−1 + e
2)3
8H30(1 + e cos(θ − θ0))3
))
+
4H0(4 cos θ + e(cos(2θ − θ0) + 3 cos θ0))
−1 + e2
·
(
1 +
(−1 + e2)3
4H30(1 + e cos(θ − θ0))3
)]
.
(11)
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Substituting equations (11) into equation (15) of the Appendix and computing the
corresponding integrals we obtain
(12) F(z) = (f1(e, θ0), f2(e, θ0)),
where
(13)
f1(e, θ0) =
3
√
1− e2
32H30(1 + e cos θ0)3/2
[3e2 − 8H0
−4e(−1 + 2H0) cos θ0 + e2 cos 2θ0] ,
f2(e, θ0) =
3e
√
1− e2 sin θ0
16H30
√
1 + e cos θ0
.
The function F(z) in equation (12) is the averaged function of system (8). Accord-
ing to the averaging theory (see the Appendix) we must compute the simple zeros
of the system f1(e, θ0) = 0, f2(e, θ0) = 0. Here we must consider e 6= 0, otherwise
f2(e, θ0) ≡ 0, and then we cannot obtain any information based on the averaging
theory. From the equation f2(e, θ0) = 0 we get
θ10 = 0, θ
2
0 = pi.
Case I: If θ10 = 0, we have e = 1 or e = 2H0 from the first equation of (13).
However, both values of e should be discarded because e ∈ (0, 1) and H0 < 0.
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Case II: If θ20 = pi, we have e = 1 or e = −2H0 from the first equation of (13),
and e = 1 is excluded because this case does not generate periodic solutions. Thus
e = −2H0 with the H0 ∈ (−1/2, 0).
Note that the Jacobian
J =
∣∣∣∣∣∣∣∣
∂g1
∂e
∂g1
∂θ0
∂g2
∂e
∂g2
∂θ0
∣∣∣∣∣∣∣∣
(e, θ0)=(−2H0, pi)
=
9(2H0 − 1)
64H50
6= 0.
Therefore if H0 ∈ (−1/2, 0), the obtained periodic solution
(v(θ; −2H0, pi), u(θ; −2H0, pi)) =
(
2H0 sin θ√
1 + 2H0 cos θ
,
√
1 + 2H0 cos θ
)
,
can be continued to the periodic solution of the two fixed centers problem with
variational gravitational field p = −2 when the mass parameter µ is sufficiently
small. For the energy H0, defined in (6), we plotted in Figure 1 the continued
periodic orbits at the energy levels H0 = −1/4,−1/8, and −1/16, respectively. As
it is shown in Figure 1 the size of the periodic orbits decreases when the energy
increases.
This completes the proof of Theorem 1.
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Figure 1. Periodic orbits at the energy level H0 = −1/4,−1/8, and −1/16, respectively.
Appendix
Consider the differential system
(14) y˙ = K0(t, y) + µK1(t, y) + µ
2K2(t, y, µ),
with µ = 0 to µ 6= 0 small enough. The C2 functions K0, K1 : R × Ω → Rn,
K2 : R × Ω × (−µ0, µ0) → Rn are T -periodic with respect to variable t, and Ω is
defined as an open subset of Rn.
We assume that there is a submanifold W of periodic solutions with the same
period of the unperturbed system y˙ = K0(t, y). Let y(t, x, µ) be the solution
of this system such that y(0, x, µ) = x. Then the linearized equation of the
original unperturbed system along a periodic solution y(t, x, 0) can be written as
z˙ = DyK0(t, y(t, x, 0))z, and the fundamental matrix can be denoted by Mx(t).
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Suppose that there is an open set W with Cl(W ) ⊂ Ω such that y(t, x, 0) is
ω-periodic for each x ∈ Cl(W ) and y(0, x, 0) = x. Here Cl(W ) denotes the closure
of W in Rn. Then we have the following proposition (see Corollary 1 of [2] for an
easy proof):
Proposition 1. Let W be an open and bounded set such that Cl(W ) ⊂ Ω and
for each x ∈ Cl(W ) the solution y(t, x, 0) satisfying y(0, x, 0) = x is T -periodic.
Define the function P : Cl(W )→ Rn as
(15) P(x) = 1
ω
∫ ω
0
M−1x (θ, x) K1(θ, y(θ; x, 0)) dθ.
Assume that there exists c ∈ W such that P(c) = 0 and that det((dP/dy)(c)) 6= 0.
Then system (14) admits an ω-periodic solution ψ(t, µ) such that ψ(0, µ) → c for
µ→ 0.
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